Abstract. A compactum X ⊂ C is unshielded if it coincides with the boundary of the unbounded component of C\X. Call a compactum X finitely Suslinian if every collection of pairwise disjoint subcontinua of X whose diameters are bounded away from zero is finite. We show that any unshielded planar compactum X admits a topologically unique monotone map m X : X → X F S onto a finitely Suslinian quotient such that any monotone map of X onto a finitely Suslinian quotient factors through m X . We call the pair (X F S , m X ) (or, more loosely, X F S ) the finest finitely Suslinian model of X.
Introduction
For us, a compactum is a non-empty compact metric space. A compactum is degenerate if all of its components are points. A continuum is a connected compactum. One way of describing the topology of a compactum X is by constructing a model for it, i.e. a compactum Y , simpler to describe than X, and a (monotone) onto map m : X → Y (a continuous onto map m is monotone if all m-preimages of continua are continua; we denote the family of all monotone maps by M). If X carries an additional structure, it is nice if the map m preserves that structure (e.g., if there is a continuous map f : X → X, the map m should be chosen so that f induces a continuous self-map on Y by m(x) → m(f (x))). In this case m is said 1 equivalent if and only if ϕ X (u) = ϕ X (v) and denoting this equivalence relation by ≈, we see that X is homeomorphic to the quotient space S 1 / ≈. Equivalence relations ≈ which arise in this way are called laminations. If J P is the locally connected Julia set of a polynomial P , then ϕ X semiconjugates z d | S 1 to a map
A lamination can be defined in abstract circumstances as a closed equivalence relation ≈ on S 1 such that convex hulls of ≈-classes are pairwise disjoint (here the convex hull of a set T is the smallest convex set containing T ). Laminations therefore capture the external ray picture of unshielded continua. In order to model dynamical objects like the Julia set of a degree d polynomial, we may require that ≈ is d-invariant. This means that the image of a ≈-class under the angle d-tupling map is again a ≈-class, and classes map to each other in a consecutive-preserving way (loosely speaking, preserving the order of points on the circle).
There are even laminations for disconnected Julia sets; here ≈ is a closed equivalence relation defined on a Cantor subset A ⊂ S 1 , and the angle d-tupling map is replaced by a covering self-map of A. This models that, for a polynomial P with disconnected Julia set J P , the neighborhood of ∞ on which P is conjugate to z → z d does not include the entire basin of infinity. In this case every external ray can be analytically continued until it runs into the Julia set unless it first runs into the preimage of an escaping critical point. In such a case, one can take left-and right-sided limits of fully-defined external rays and define two external rays corresponding to the same angle. These angles are associated to (pre)critical points and to the gaps in the Cantor set A (see [GM93, Kiw04, LP96] ). By Kiwi [Kiw04] laminations correspond to a wider class of polynomials P , whose Julia sets may not be locally connected nor connected. More precisely, an n-periodic point a of P is called irrationally neutral if (P n ) ′ (a) = e 2πiα with α irrational. Also, given a lamination ≈ of S 1 , call a set F ⊂ S 1 ≈-saturated if it is a union of a collection of ≈-classes. By [Kiw04] , to every polynomial P without irrationally neutral cycles we can associate a lamination ≈, a closed ≈-saturated set F ⊂ S 1 and a monotone map m : J P → F/ ≈ such that m is a semiconjugacy of P | JP with an appropriately constructed map f : F/ ≈→ F/ ≈ (in the case that J P is connected, then F = S 1 and f is a map induced on S 1 / ≈ by z d ).
The present authors prove [BCO08] that every complex polynomial P with connected Julia set has a unique "best" lamination. This generalizes [Kiw04] , albeit for connected Julia sets, by allowing P to have irrationally neutral cycles. The lamination ≈ comes with a monotone semiconjugacy m : J P → S 1 / ≈ which has the property of being the finest monotone map of J P onto a locally connected continuum (defined in the next section). In [BCO08] we also provide a criterion for ≈ to have more than one equivalence class (equivalently, for J P to have a non-degenerate locally connected monotone image). A compactum X is called finitely Suslinian if, for every ε > 0, every collection of disjoint subcontinua of X with diameters at least ε is finite. By Lemma 2.9
[BO04], unshielded planar locally connected continua are finitely Suslinian and vice versa 1 . Thus, in the unshielded case the notion of finitely Suslinian generalizes the notion of local connectivity. There is another analogy to local connectivity too: by Theorem 1.4 [BMO07] , for an unshielded finitely Suslinian compactum X ⊂ C there exists a lamination ≈ of a closed set F ⊂ S 1 such that X is homeomorphic to F/ ≈. This motivates us to extend onto finitely Suslinian compacta some results for locally connected continua and to look for good finitely Suslinian models of planar compacta. We need the following definition which applies to arbitrary maps (as customary in topology, by a map we always mean a continuous map).
Definition 1 (Finest models). Let X ⊂ C be a compactum, P be a topological property (P could be the property of being locally connected, Hausdorff, etc) and B be a class of maps with domain X. The finest B-model of X with property P is an onto map ψ P : X → Y, ψ P ∈ B where Y is a topological space with property P such that any other map ϕ P : X → Z, ϕ P ∈ B onto a space Z with property P can be written as the composition g • ψ P for some map g : Y → Z.
Though we give the definition for any class B, we are mostly interested in the class M of monotone maps because such maps do not change the structure of X too drastically; besides, we study planar compacta, and monotone maps of planar compacta with non-separating fibers keep them planar [Moo62] . In the monotone case we will use notation m P instead of ψ P (or just m if the property P is fixed).
In fact, in the monotone case this concept of finest map has been studied before in the context of continua (cf [FS67] ). 
and similarly factor the constituent map m 2 to obtain
However, since the composition is itself equal to m 1 , we find that
and g 2 : Y 1 → Y 2 are each other's inverse and hence homeomorphisms. Therefore,
The following notion is a bit weaker than that defined in Definition 1. can be extended to the plane in such a way that the resulting map M X : C → C semiconjugates f and a branched covering map g : C → C.
Definition 3 (Top models
These results can be made stronger if f is a polynomial. For all details, the reader is invited to read [BCO08] , especially Section 5 thereof.
Topological Lemmas
First we introduce several useful notions. When speaking of limits of compacta, we always mean convergence in the Hausdorff sense.
Definition 7. A partition of a compactum X if said to be upper semi-continuous if for every pair of convergent sequences (
of points in X such that x i , y i belong to some element D i of the partition, we have that the points lim i→∞ x i and lim i→∞ y i belong to some element D of the partition. In this case the equivalence relation ∼ induced by the partition is said to be closed. Equivalently, ∼ is said to be closed if its graph is closed in X × X.
The following construction is less standard.
Definition 8. Let A be a family of subsets of a compactum X. An equivalence relation ∼ respects A if ∼ is closed and every member of A is contained in a ∼-class. If ∼ and ≈ are equivalence relations on a set X, we say that ∼ is finer than ≈ if ∼-classes are contained in ≈-classes. The finest closed equivalence relation generated by A is the finest equivalence relation ∼ A respecting A.
Equivalently, one can define continuous maps respecting A as maps which collapse all elements of A to points. Then we can define the finest continuous map respecting A, i.e. a continuous map ψ A : X → Z respecting A and such that for any map f : X → Q which respects A there exists a map g : Z → Q which can be composed with ψ
Lemma 9 shows that the finest closed equivalence relation generated by A (and hence, the finest map respecting A) exists and specifies its properties if elements of A are connected.
Lemma 9. The finest closed equivalence relation generated by A exists and is therefore unique (thus, the finest map ψ A respecting A exists and is well-defined). If
A consists of connected subsets of a compactum X, then all ∼ A -classes are continua and the finest continuous map respecting A is monotone.
Proof. To see that ∼ A is well-defined, let Ξ A be the set of all upper semi-continuous equivalence relations which respect A (Ξ A is non-empty as it includes the trivial equivalence relation under which all points are equivalent). Then it is easy to see that the relation ∼ A defined by "x ∼ A y if and only if x ∼ y for all ∼∈ Ξ A " is again a closed equivalence relation respecting A, and that ∼ A is finer than all closed equivalence relations from Ξ A . It follows that the quotient map X → X/ ∼ A is in fact the finest continuous map which respects A.
It suffices to show that all ∼ A classes are connected. According to [Nad92, Lemma 13.2], the equivalence relation ∼ whose classes are the components of ∼ Aclasses is also an upper semi-continuous equivalence relation, and ∼-classes are contained in ∼ A -classes. Since elements of A are connected, it follows that ∼ still respects A, so ∼ A classes are contained in ∼-classes. Therefore ∼=∼ A , and ∼ A -classes are connected.
It is quite easy to determine when a continuous function on X induces a continuous function on X/ ∼ A , as the following lemma shows.
Lemma 10. If f : X → X is a continuous function which sends elements of
Proof. It is sufficient to show that the f -image of a ∼ A -class is contained in a ∼ Aclass. Consider the fibers of ψ A • f . By assumption, f sends elements of A into ∼ A -classes, so ψ A •f is constant on the elements of A. Therefore, the fibers of
form an upper semi-continuous partition of X which respects A. Since ψ A is the finest such map in the sense of Definition 8, there exists a map g :
Remark 11. For later reference, we note that there is also a transfinite construction of the equivalence relation ∼ A . To begin, let ∼ 0 denote the equivalence relation such that x ∼ 0 y if and only if x and y are contained in a connected finite union of elements of A. If an ordinal α has an immediate predecessor β for which ∼ β is defined, we define x ∼ α y if there exist finitely many sequences of ∼ β classes whose limits comprise a continuum containing x and y (here, the limit of non-closed sets is considered to be the same as the limit of their closures). In the case that α is a limit ordinal, we say x ∼ α y whenever there exists β < α such that x ∼ β y. Notice that the sequence of ∼ α -classes of a point x (as α increases) is an increasing nest of connected sets, with the closure of each being a subcontinuum of its successor. It is also apparent that ∼ α -classes are contained in ∼ A -classes for all ordinals α.
Let us now show that ∼ A =∼ Ω where Ω is the smallest uncountable ordinal. To see this, we first note that ∼ Ω =∼ (Ω+1) . This is because the sequence of closures of ∼ α -classes containing a point x forms an increasing nest of subsets, no uncountable subchain of which can be strictly increasing in the plane [Kur66, Theorem 3, p. 258]. Therefore, all ∼ α -classes have stabilized when α = Ω. This implies that ∼ Ω is a closed equivalence relation, since the limit of ∼ Ω -classes is a ∼ (Ω+1) -class, which we have shown is a ∼ Ω -class again. Finally, ∼ Ω respects A and ∼ Ω -classes are contained in ∼ A -classes, so ∼ A and ∼ Ω coincide.
Let us become more specific and study finitely Suslinian compacta.
Definition 12 (Limit continuum and FS ∼). A subcontinuum C of X is said to be a limit continuum if there exists a sequence (C n ) ∞ n=1 of pairwise disjoint subcontinua of X converging to C. We define Note that this notion is slightly more general than the classical notion of continuum of convergence in continuum theory. Also, it is easy to see that a continuum is finitely Suslinian if and only if it contains no non-degenerate limit continua. ∼ contains no non-degenerate limit continua and is therefore finitely Suslinian.
Lemma 13, together with the characterization of finitely Suslinian compacta as those with no limit continua, suggests that X/ FS ∼ could be the finest model of X.
Such a fact would mean that any monotone map of X onto a finitely Suslinian compactum must collapse limit continua. However, in general this is not true.
Example 14 (A continuum with no finest finitely Suslinian model). Define a continuum X as follows, and as depicted in Figure 1 on page 8:
Observe that X 1 is a locally connected, not finitely Suslinian, nowhere dense and not unshielded in C continuum. There are two essentially different kinds of finitely Suslinian monotone quotients of X 1 , depicted in Figure 2 . One map, h, corresponds to identifying the unique maximal limit continuum H = lim n→∞ H n to a point. Any finer (and not even necessarily monotone) map h ′ to a finitely Suslinian compactum would still keep images of H n disjoint, implying that images of H n must converge to a point which has to be the image of H. Thus, h ′ = h and (h(H), h) is a top finitely Suslinian model of X 1 which happens to be monotone.
Other quotients of X 1 with finitely Suslinian images are maps ϕ N which identify to points members of the collection {V p/q | q > N }. This yields a sequence of maps (ϕ N ) ∞ N =0 , with ϕ N +1 finer than ϕ N for all N . On the other hand, none of these maps can be compared with ψ in the sense that neither h is finer than ϕ N nor ϕ N is finer than h. As explained above, it follows from the definitions now that h is not the finest finitely Suslinian model of X 1 (neither is it the finest finitely Suslinian monotone model of X 1 ). It is worth noticing also that for any N the only maps finer than both ϕ N and h are homeomorphisms (since the intersection of any fibers of h and ϕ N is at most a point) and that the only maps finer than every map in {ϕ N | N ∈ N} are homeomorphisms.
In the unshielded case the situation is better. First we need Definition 15.
Definition 15 (Irreducible continua). Given two disjoint closed sets A, B, a continuum C is said to be irreducible between A and B if C intersects both A and B and does not contain a subcontinuum with the same property. Given a continuum D intersecting A and B, one can use Zorn's Lemma to find a subcontinuum C ⊂ D irreducible between A and B.
We also need Lemma 16. Similarly, K is disjoint from U .
To prove our first theorem we need the following geometric lemma. It is a generalization of the fact that any homeomorphic copy of the letter θ embedded in the plane is not unshielded. For a planar continuum Y the set C \ U ∞ (Y ) is called the topological hull of Y and is denoted by T (Y ).
Lemma 17. Suppose a planar compactum X contains two disjoint continua X 1 , X 2 ⊂ X and three pairwise disjoint continua
all i ∈ {1, 2} and j ∈ {1, 2, 3}. Then X is not unshielded.
Proof. By way of contradiction we assume that X is unshielded. Let us collapse the topological hulls T (X 1 ) and T (X 2 ) to points x 1 and x 2 and let m : C → C denote this monotone map (by Moore's Theorem [Moo62] , the image is homeomorphic to the plane). Then m(
Theorem 63.5 of [Mun00] for each i = j, Z i ∪ Z j separates C into precisely two components, one of which is bounded and denoted by B i,j . It follows that for some choice of i, j, k the set Z i intersects B j,k , contradicting that m(X) is unshielded.
We use Lemma 17 to show that certain maps of unshielded compact sets collapse limit continua. Let F M be the class of all (continuumwise) finitely monotone maps, i.e. such maps h : X → Y that for any continuum Z ⊂ Y the set h −1 (Z)
consists of finitely many components.
Lemma 18. Suppose that ϕ : X → Y is a finitely monotone map of an unshielded compact set X onto a finitely Suslinian compact set Y . If C ⊂ X is a limit continuum, then ϕ(C) is a point.
Proof. Let C ⊂ X be a limit continuum. Choose a sequence of continua C i → C. Consider two cases. Observe that in fact Lemma 18 implies that the finest F M-model of X with finitely Suslinian property is the same as the finest finitely Suslinian monotone model of X (despite the fact that the class F M of finitely monotone maps is much wider than the class M of monotone maps). Theorem 20. Suppose that f : C → C is a branched covering map and that X is a fully invariant unshielded compactum. Then there exists a branched covering map
Proof. By Lemma 18, m X sends limit continua into FS ∼-classes. Lemma 10 and Theorem 19, in which the extension M X of m X onto C is described, imply that
X is well-defined. Suppose that we show that and y belong to the same ∼ 0 -class. Then there exist finitely many limit continua
forming a chain joining f (x) and y (i.e., so that f (x) ∈ C 1 , y ∈ C n , and C j ∩ C j+1 = ∅ for any 1 ≤ j < n). Since f is an open map, there exists a convergent sequence (D
for each i and D 1 is a limit continuum which contains x. By continuity, f (D 1 ) = C 1 , so D 1 contains the preimage of a point in C 2 . We can now inductively find limit continua D 2 , . . . , D n mapping onto C 2 , . . . , C n and forming a chain from x to a preimage of y. Therefore, the ∼ 0 -class of f (x) is contained in the image of the ∼ 0 -class of x.
Suppose now by induction that we have proven the claim for all ordinals less than α, and let f (x) ∼ α y. If α has an immediate predecessor β (the other case is left as an easy exercise for the reader), there are finitely many sequences of ∼ β -classes
which converge to a chain of continua joining f (x) and y. By the inductive hypothesis, if f (z) ∈ K j i then the ∼ β -class of z maps over K j i . One can therefore find, due to the openness of f , a convergent sequence (L
Proceeding as in the previous paragraph, we find similar limits L 2 , . . . , L n forming a chain of continua which joins x to a preimage of y. We therefore see that the image of a ∼ α -class is a union of ∼ α -classes, and the proof is complete. (x), y) . Evidently, f can be extended to a branched covering two-to-one map f : C → C, however for brevity we will not give its full description here.
Observe that X is a fully invariant set. The equivalence relation To show that we need some definitions. A point x ∈ X of a planar compactum X is called accessible (from U ∞ (X)) if there is a curve Q ⊂ U ∞ (X) with one endpoint at x (then one says that Q lands at x and that x is accessible by Q). We also need the definition of impression of an angle. For a continuum X ⊂ C, let ψ : C \ D → U ∞ (K) denote the unique conformal isomorphism with real derivative at ∞. For an angle α ∈ S 1 , we define the impression of the external ray at angle α as Imp(α) = {lim ψ(z i ) : z i → α from within D}.
Theorem 23. Let P : C → C be a polynomial. Then the equivalence relations ∼ ,JP and
Proof. A recent result by [KS06, QY06] states that all non-preperiodic components of a polynomial Julia set are points. Consider J P as the given compact set. Then it is enough to show that if x, y ∈ J P and x FS ∼ y, then x ∼ y. By Definition 12, it suffices to show that a limit continuum in J P is contained in a ∼ -class. Let C ⊂ J P be a limit continuum and C i → C is a sequence of subcontinua of J P which converge to C. Denote by T i the component of J P containing C i and by T the component of J P containing C.
If infinitely many C i 's are contained in T , then by Definition 12 C is contained in a ∼ -class and we are done. Suppose that there are only finitely many C i 's in T . Then we may assume that a sequence of pairwise distinct components T i converges to a limit continuum C ′ ⊂ T where C ⊂ C ′ , and we need to show that C ′ is contained in one ∼ -class. To do so, we consider two cases.
First, assume that T is periodic of period m. Then it is well-known that P m | T is a so-called polynomial-like map (see [DH85] ) for which T plays the role of its filled-in Julia set. That is, there exist two simply connected neighborhoods U ⊂ V of T such that P m : U → V is a branched covering map and there exist a polynomial f with connected Julia set J f and two neighborhoods
is (quasi-conformally) conjugate to f | U ′ by a homeomorphism ϕ and ϕ(T ) = K f where K f is the filled-in Julia set of f (i.e., the topological hull of J f ). We will use a conformal map ψ :
We claim that there exists an angle α such that C ′ ⊂ ϕ −1 (Imp(α)). We will consider continua ψ • ϕ(T i ) = T ′ i ⊂ C \ D and will show that they converge to a unique point in S
1 . Indeed, otherwise we may assume that they converge to an non-degenerate arc I ⊂ S 1 . For any t ∈ S 1 let R t ⊂ C \ D be the half-line from t to infinity, orthogonal to S 1 at t. Choose β ∈ I such that the R ′ = ψ −1 (R β ) is a curve in C \ K f landing at a point b ∈ T . We may assume that β is not an endpoint of I.
We need Theorem 2 of [LP96] which states that if x ∈ T is an accessible point from C \ T by a curve l, then x is accessible from C \ J P by a curve R which is homotopic to l among all curves in C \ T landing at x. By this result we can find a curve L ⊂ C \ K f which lands at b and is disjoint from ϕ(J P ). Then the curve ψ(L) ⊂ C \ D lands at β while being disjoint from all sets T ′ i which clearly contradicts the assumption that these sets converge to the arc I.
Thus, we may assume that T ′ i → α ∈ S 1 which, by the definition of impression, implies that T i converge into the set ϕ −1 (Imp(α)) and so C ′ ⊂ ϕ −1 (Imp(α)). Now, Lemma 16 of [BCO08] states that any monotone map of a connected Julia set onto a locally connected continuum collapses impressions of external rays to points. Hence the set Imp(α) is contained in one ∼ ,J f -class which implies (after we apply the homeomorphism ϕ −1 to this) that the set ϕ −1 (Imp(α)) is contained in one ∼ ,Tclass as desired. This completes the consideration of the case of a periodic T . Now, suppose that T is not periodic. Then by [KS06, QY06] T is preperiodic and we can choose n > 0 such that P n (T ) is a periodic component of J P . Since by the above all limit continua in P n (T ) are contained in ∼ -classes, it is easy to use pullbacks to see that all limit continua in T are contained in ∼ -classes too. This completes the proof.
The following two corollaries easily follow. 
